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157. 
ON THE TANGENTIAL OF A CUBIC. 


From the Philosophical Transactions of the Royal Society o London, vol XLVIII. for the 
p y y ; 
year 1858, pp. 461—463. Received February 11,—Read March 18, 1858.] 


In my “Memoir on Curves of the Third Order"(?), I had occasion to consider a 
derivative which may be termed the “tangential” ‘of a cubic, viz the tangent at 
the point (æ, y, z) of the cubic curve (* {a, y, z)» —0 meets the curve in a point 
(E, n, ©), which is the tangential of the first-mentioned point; and I showed that when 
the cubic is represented in the canonical form æ+ --z*4- 6layz=0, the coordinates of 
the tangential may be taken to be æ(y°— 2): y(2—2*):2(a*—3?). The method given for 
obtaining the tangential may be applied to the general form (a, b, c, f, g, h, i j, k, Dæ, y, 2}: 
it seems desirable, in reference to the theory of cubic forms, to give the expression of 
the tangential for the general form?; and this is what I propose to do, merely indicating 
the steps of the calculation, which was performed for me by Mr Creedy. 


The cubic form is 
(a, b, c, f, g, h, *, J, k, lim, y, 2), 
which means | 
aa? + by? + cz? + Sfy?z + 3gzw + Sha*y + Biy2* + 3jzæ + Sha + 6loyz ; 


and the expression for f is obtained from the equation 
æE (b, f i cu f ong ey 2% — (h, b, i f, l, ke, y, zy 
— (a, b, c, f, g, h, i, j, k, Ya, y, zy (Qu -- 3D), 


1 Philosophical Transactions, vol. oxuvit. (1857), [146]. 

2 At the time when the present paper was written, I was not aware of Mr Salmon’s theorem (Higher 
Plane Curves, p. 156), that the tangential of a point of the cubic is the intersection of the tangent of the 
eubie with the first or line polar of the point with respect to the Hessian; & theorem, which at the same 
time that it affords the easiest mode of calculation, renders the actual calculation of the coordinates of the 
tangential less important. Added 7th October, 1858.—4. C. 
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where the second line is in fact equal to zero, on account of the first factor, which 
vanishes. And @, ¥ denote respectively quadrie and cubic functions of (y, z), which 
are to be determined so as to make the right-hand side divisible by 2?; the resulting 
value of £ may be modified by the adjunction of the evanescent term 


(ax+ hy 4- jz) (a, b, c, f, g, h, i j, k, Ma, y, 2%, 


where a, h, j are arbitrary coefficients; but as it is not obvious how these coefficients 
should be determined in order to present the result in the most simple form, I have 
given the result in the form in which it was obtained without the adjunction of any 


such term. 


Write for shortness, 
P=(k, Le wy, 2), 


Q— (b, f, a dy, zy, 
R-(Lg Wy, 2), 
S=fic Wy 
B —(h, j ýy, 2), 
C =(k, l, g dy 2), 
D=(b, A t, cýy, zy, 


so that 
(h, 5, 5, f, 0, Oa, y; 2! (h, P,Q Ya, Ly, 
(5; Ji o,1$5:gy:d Ya, y, 2! —m(j, E, 8 Yo, 1), 
(a, b, c, f, g, h, $, ), b, Wa, y, zy — (a, B, CO, Dijo, 1y. 
Cr+ 30 =(C, D Xa, 1), 


and then for greater convenience writing (h, 2P, Q%a, 1), &e. for (h, P, Quo, 1y, &e., 
and omitting the (v, 1)*, &c. and the arrow-heads, or representing the functions simply 


by (h, 2P, Q), &c, we have 
eE= D(52R,S8S y 
— 3f(j, 2R, S y^uy2P..9) 
+ 3¢(j, 2R, S t0, 95, iQ 
20 Y (h ? 2P, Q 
— (a,3B,80, D).@, DB ), 


which can be developed in terms of the quantities which enter into it. The con- 
ditions, in order that the coefficients of æ, æ? may vanish, are thus seen to be 


DB = bS*— 3f8:Q + 3i8Q: — cQ, 
DC — 30D =b (683) — 3f (292P + 4RSQ) + 3i (ARQ + ASPQ) — c (6PQ), 


and from these we obtain 


Yy, z} 
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Be — 1 bf -3 | bci +3 | b! +1 
(| of +3 b) +6 of? — 6 gi —3 fy, ay 
frie Bid fw —8.| f$ 8| 9 2 


and substituting these values, the right-hand side of the equation divides by 2’, and 
throwing out this factor we have the value of £; and the values of y, € may be 
thence deduced by a mere interchange of letters. The value for £ is 


xt xy xz sya xyz wig? zy? xyz 


bP 41 | EN + 6 | b 4 6 | ab 4-8 3 | abe + 1| abef + 3| 
cht —1 | ck — 6| cL — 6 | abil — 6 6 | abfi — 3 | ab? — 6 
fip—3 |J —12 | fglj —12 | af*l 4.6 3 af? + 2| afi - 3 
hij +3 | Fk - 6 | FU — 6 | afik — 3| ak — 6 af] — 6 | chk — 3 | bcM - 12 

3 3 

6 2 

6 


kil + 6| ghi + 6 | bch? — bhil — 6 | bajk + 9 
hijk +12 | hijl .+12 | bij + bijk +12 | bghi — 6 

bj bP + 8|bgP +24 
byl +18 


abci — 3 1. 6j + 3| Be + 3| bf + 9| 565 — 3 + 3) 
acf* + 6 3 | bck? — 3 | befh — 3 | behi - 9 | begl + 6 ur 
af? — 3 2]|bf*j - 3| bekl — 3 | bgil +18 | bey + 3 " 
begh — 9 3 | bfhi — 3| bfij + 3 | cfkl —18 | bgi + 6 NES 
bel +12 8 | bikl + 6 | bgik + 3 | P?gl -18 | cf + 6 + 
bgl + 24 2 | fh + 3 | bh? — 6| fj — 9! cfok -— 6 bo 
bgij + 6 3 | fkl — 6| bi? +12 | fh? + 9| cfl — 3 + 
cfhl —18 |. 8 | fi? + 3|cf? — 6| Pkl +18 | oP -12. » 
cjk + 6 | fol —24 Ji — 6 FP- 6 
ck? —24 | foy — 3 Jgk — 6 Jg — 6 
JKUg-6|gh? +12 Shi + 9 Sy - 9 

— 24 | gil? +24 fL —12 gk + 6 

-9j|00] - 6 Sikl + 6 hè. + 6 

— 48 OP + 6 VP +12 


and it is not necessary to write down the corresponding values for n, ¢ 
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